Abstract. We construct examples of nonresonant smooth integrable Hamiltonian systems which don't admit a smooth Birkhoff normal form. This is in contrast to positive results about existence of Birkhoff normal forms, due to Hakan Eliasson in the smooth case under a strong nondegeneracy condition, and to Hidekazu Ito et al. in the analytic case.
Introduction
It is well-known that (smooth or analytic) integrable Hamiltonian systems admit (smooth or analytic) Birkhoff normal forms near singular points. For analytic systems, this result is due to Ito [3] , under the nonresonance condition (i.e. the frequencies of the Hamiltonian system at the fixed point in question do not admit any resonance relation), and to the author of this Note in the general case [5] . For smooth systems, this is a result of Eliasson [2] , under a strong nondegeneracy condition.
The nondegeneracy condition in Eliasson's theorem may be paraphrased as the "collective nonresonance of the moment map", and this condition is a-priori stronger than the nonresonance condition on the Hamiltonian function. A natural question arises: can we weaken the nondegeneracy condition in Eliasson's theorem? For example, can we replace it by the nonresonance condition?
In this Note, we will give a negative result to the above question.
Theorem 1.1. Let γ 1 , ..., γ n be any n-tuple of positive numbers, n ≥ 2. Then there is a smooth integrable Hamiltonian function H in a neighborhood of 0 in the standard symplectic space
+ y 2 i ) + higher order terms at 0, and such that H does not admit a C 1 -differentiable local Birkhoff normalization at 0.
In the above theorem, by integrability of H we mean the existence of a smooth moment map (F 1 , ..., F n ) from a neighborhood of 0 in R 2n to R n , with F 1 = H, such that {F i , F j } = 0, and dF 1 ∧ ... ∧ dF n = 0 almost everywhere. By Sard's theorem (about the set of singular values) and Liouville's theorem, almost all common level sets of such a moment map are Liouville tori. By a Birkhoff normalization for H we mean a local symplectic transformation of coordinates such that in the new symplectic coordinate system (x with its (semisimple) quadratic part: {H,
2 )} = 0, see e.g. [3, 5] and references therein.
Of course, the most interesting case in the above theorem is when γ 1 , ..., γ n are independent over Z. Then the function H is nonresonant at 0 by definition. In this case, the equality {H,
2 )} = 0 would imply that H can be written as a function of n variables I 1 , ..., I n , where
2 ) are action functions for the system. In the examples that we will construct below, these actions functions don't exist near 0.
The proof of Theorem 1.1 given in Section 2 below is inspired by what happens to generic perturbations of integrable systems: resonant tori break up, giving way to smaller-dimensional invariant tori, homoclinic orbits, diffusion, etc. In order to prove Theorem 1.1, we will construct an integrable perturbation of the quadratic Hamiltonian
2 ) in such a way that there are also invariant tori arbitrarily close to 0 that break up. Step 2. Creation of hyperbolic singularities. We will modify H 1 inside each open subset V k by a C ∞ -small function which is flat on the boundary of V k , in such a way that after the modification our Hamiltonian function remains integrable inside V k but admits a hyperbolic singularity there. Since H 1 has periodic flow in V k for each k, we can create a common model and then put it to each V k after necessary rescalings. The model can be done for a 2-dimensional system, and then take a direct product of it with D n−1 × T n−1 . In the 2-dimensional case, it is obvious how to change a regular function on
into a function with a hyperbolic singularity by a C ∞ -small perturbation. After the above modifications, we obtain a new smooth Hamiltonian function H 2 , which is C ∞ -close to H 1 , which coincides with H 1 outside of the union of V k , and which is still smoothly integrable (though smooth first integrals for H 2 will necessarily be very degenerate at 0). Now since H 2 has hyperbolic singularities arbitrarily near 0, it can't admit a differentiable Birkhoff normal form in a neighborhood of 0, for simple topological reasons (concerning the associated Liouville foliations). Note that, by construction, the quadratic part of H 2 at 0 is
Concluding remarks
Our simple construction above shows that there are topological obstructions to the existence of a Birkhoff normal form even in the nonresonant smooth integrable case. It is not surprising that the smooth nondegenerate case works precisely because in this case one can show that the Liouville fibration is diffeomorphic to the one given by the linearized system, see [1, 2] . Hyperbolic singularities near 0 prevent 1-cycles on Liouville tori to be defined in a neighborhood of 0, and such 1-cycles would assure the existence of action functions and Birkhoff normal forms, see [5] .
Probably, a positive result about the existence of a Birkhoff normal form near a degenerate singular point of a smooth integrable Hamiltonian systems is still possible, if one imposes enough conditions on the moment map in order to avoid "topological anomalies".
After writing the Note, I found out by chance an interesting paper by Sevryuk [4] , where he studies the chaotic behavior of smooth Hamiltonian systems near degenerate singularities, and where some ideas similar to the ones used in this Note are exploited in a much more involved way.
